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Quantum entanglement has multiple applications in quantum information processing. Methods
to generate highly entangled states independent of initial conditions is an essential task. Herein we
aim to generate highly entangled states via discrete time quantum walks. We propose deterministic
Parrondo sequences that generate states that are, in general, much more entangled than states
produced by sequences using only either one of the two coins. We show that some Parrondo sequences
generate highly entangled states which are independent of the phase of the initial state used and
further lead to maximally entangled states in some cases. We study Parrondo sequences for both
small number of time steps as well as the asymptotic limit of a large number of time steps.
I. INTRODUCTION
Parrondo’s paradox involves two losing games A and
B which when combined produces a winning outcome.
These were introduced as a pedagogical illustration of the
Brownian ratchet[1] and has spawned significant interest
across diverse fields ever since[2, 3]. Parrondo’s concept
has been extended into other potential applications[2]
and has been customized to explain many physical and
biological processes and their functioning[4]. The quan-
tum version of the paradox was introduced in Refs. [5, 6].
Quantum walks, were introduced in [7] and are a sophis-
ticated tool for designing quantum algorithms [8]. Apart
from uses in quantum computation, quantum walks have
been used to explain, control, and simulate the dynamics
in various complex physical systems[8]. Further, quan-
tum walks can be directly implemented in labs without
using a quantum computer[8]. Quantum walks have al-
ready been realized in ultra-cold rubidium-87 atoms[9],
photons[10, 11], neutral atoms[12], NMR quantum-
information processors[13], superconducting qubits[14,
15] and trapped ions[16, 17]. In a discrete-time quan-
tum walk(DTQW), each step takes exactly a one-time
unit. DTQW’s allow for the exploration of numerous
non-trivial geometric and topological phenomena[18] and
multi-path quantum interference[19]. DTQW’s are char-
acterized by an evolution which consists of repeated ap-
plication of two operators, the coin operator, and the
shift operator. Parrondo’s paradox has been explored
several times using one-dimensional DTQW’s[5, 6, 20,
21]. It was shown that instead of a single coin if a two-
coin initial state is considered, Parrondo’s paradox can
be observed in quantum walks even in the asymptotic
limits[22], and further replacing a two-state coin(qubit)
with a three state coin(qutrit) also leads to Parrondo’s
paradox in asymptotic limits[23].
A renewed interest in exploiting DTQW’s as a tool to
generate entanglement has been reported recently. In this
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context, developing faster methods to generate entangle-
ment which are also experimentally feasible is an impor-
tant task of current research. A particular and intriguing
way is via hybrid entanglement. Hybrid entanglement as
the name suggests is the entanglement between different
degrees of freedom like polarization, orbital angular mo-
mentum, time-bin energy, or spatial mode. If these de-
grees of freedom belong to the same particle, more infor-
mation can be encoded at the single-particle level, which
can help to reduce the required resources [24]. Photonic
hybrid entangled states can be advantageous in optical
quantum networks as it enables a more flexible network
with each photon being transmitted through the more
suited channel [25]. Photonic quantum information of-
fers several technological applications [26]. Photonic im-
plementations of discrete-time quantum walk have been
explored several times[25]. In this scenario, the prepara-
tion of maximally hybrid entangled states using DTQWs
is of great importance, as it would give rise to new possi-
bilities with regards to quantum technologies. Hybrid en-
tanglement generation has been realized experimentally
as well [27].
Here, we discuss the generation of hybrid entangled
states that can be generated in DTQW’s. Several dif-
ferent approaches to enhance the entanglement between
the walker and coin have been explored. A methodical
study of the entanglement properties of disordered quan-
tum walks was carried out in Ref. [28]. It was shown that
randomly choosing the coin operator at each time step
of the quantum walk can lead to maximally entangled
states in the asymptotic limit independent of the initial
state but only one initial state was analyzed. The effect
of the introduction of different types of disorder in the
generation of high entangled states was further studied
using several numerical experiments [29, 30]. However,
this strategy requires a large number of steps to reach
the asymptotic limit which is disadvantageous for current
experiments. Gratsea, et. al., suggested the optimiza-
tion of the coin operator sequence using a basin-hopping
algorithm[24]. It was shown that maximal entanglement
is achieved in just 10 steps. The small number of steps
used meant that the experimental challenge of reaching
the asymptotic limit was solved. However, the experi-
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2mental implementation requires potentially the full set
of possible coin operators. Recently, two new approaches
were proposed in [31]. The first approach presented an
entangling sequence (Universal entangler) consisting of
a deterministic sequence of Hadamard and Fourier coin
operators that created a universal amount of entangle-
ment for a class of localized initial states with vanish-
ing relative phase. This sequence had the disadvantage
of only working for an odd number of steps. The sec-
ond method was based on direct optimization of the coin
sequence using reinforcement learning (RL), which is a
technique that allows us to determine longer sequences
(Optimal entanglers) where brute force optimization is
not possible. Although it was shown that optimal se-
quences were better entanglers than universal entangler,
they were highly dependent on initial states.
Our main motivation in this work is to exploit the
strategy of turning two unfavorable situations into a fa-
vorable one to generate hybrid highly entangled states
in discrete-time quantum walks. We propose to use de-
terministic Parrondo sequences using two different coin
operators to produce states that are, in general, more
entangled than the states produced by sequences using
only one of the two coins. We show that some of the
deterministic sequences proposed, apart from generating
highly entangled states, generate entanglement that are
independent of the phase of the initial state used. We
also show that phase independent entangling sequences
generate maximally entangled states for 3 and 5 steps
regardless of initial states. This could resolve the experi-
mental challenges of generating these states. Further, we
explore the asymptotic limit of the sequences proposed.
So far, the only study that analyzes the relationships be-
tween Parrondo’s games and quantum entanglement is
Ref. [32]. Winning and losing Parrondo games are de-
fined as in[22], and the winning Parrondo’s games are
shown to generate good amount of entanglement. How-
ever, only two initial states are explored (θ = 0, φ = pi/2
and θ = 0, φ = 3pi/2), and the sequences which possess
maximum winning outcomes are not the best entanglers.
The paper is organized as follows. In the theory sec-
tion, we briefly review DTQW’s and discuss how the
Schmidt Norm can be used as a measure of entangle-
ment. We then introduce Parrondo sequences. In the
results section, we present and analyze various Parrondo
sequences as regards their propensity to generate highly
entangled states. Finally, in the conclusion, we compare
our results with other relevant works.
II. THEORY
A. Discrete time quantum walks
DTQW’s in 1D are defined on a tensor product of
two Hilbert spaces H = HP ⊗ HC . HC represents the
2 dimensional Hilbert space associated with the coin or
qubit, whose computational basis is {|0c〉 , |1c〉} and HP
represents the infinite dimensional space associated with
the position of the walker, whose computational basis is
{|np〉 : np ∈ Z}. The walker is assumed to be initially
localized at position ’0’ in a general superposition of coin
states,
|coin〉0 = cos(θ/2) |0p0c〉+ eiφ sin(θ/2) |0p1c〉 , (1)
where θ ∈ [0, pi] and φ ∈ [0, 2pi]. The shift is described
by an unitary operator, called shift operator
S =
∞∑
j=−∞
(|(j + 1)p〉 〈jp| ⊗ |0c〉 〈1c|+ |(j − 1)p〉 〈jp| ⊗ |1c〉 〈0c|),
(2)
and the unitary coin operator is
C(α, β, γ, η) = eiη/2
(
eiα cosβ eiγ sinβ
−e−iγ sinβ e−iα cosβ.
)
. (3)
The full evolution then can then be described as
U(t) = S.C(α(t), β(t), γ(t), η(t)). (4)
The time evolution of the system after t steps is then
|ψt〉 = U(t) |ψt−1〉 = U(t)U(t− 1)...U(1) |ψ0〉
=
∞∑
j=−∞
[a1(j, t) |jp, 0c〉+ a2(j, t) |jp, 1c〉]. (5)
where, a1(j, t), a2(j, t) are amplitudes of states: |jp, 0c〉
and |jp, 1c〉 respectively.
B. Measure of Entanglement
Entanglement measures quantify the amount of entan-
glement in a quantum state. There are several mea-
sures of entanglement like concurrence[33], logarithmic
negativity[34], von Neumann entropy[35]. Here, we use
Schmidt Norm as a measure of entanglement[24]. In this
work, the total initial state is always pure and the state
evolves unitarily, thus it remains a pure state at any later
time too. This fact allows us to write the density oper-
ator ρ of |ψ〉 directly as ρ = |ψ〉 〈ψ|. As a consequence
of singular value decomposition, the normalized state |ψ〉
can be re-expressed in a Schmidt-decomposed form[36],
|ψ〉 =
k∑
i=1
λi |ψi〉P ⊗ |ψi〉C , (6)
with orthonormal Schmidt vectors |ψi〉P ∈ HP , |ψi〉C ∈
HC and real non-negative Schmidt coefficients λi sat-
isfying the normalization condition
∑n
i=1 |λi|2 = 1 and
λ1 ≥ λ2 ≥ .... ≥ λk ≥ 0 where k ≤ min(dP , dC) is writ-
ten in terms of dimensions dP and dC of the position and
coin space. The reduced density operator for the coin
3space is defined by ρC ≡ trp(ρ) where trp is the partial
trace over the position space. This gives
ρC =α(t) |0〉 〈0|+ β(t) |1〉 〈1|+ γ(t) |0〉 〈1|+ γ∗(t) |1〉 〈0| ,
(7)
wherein α(t) =
∑∞
j=−∞ |a1(j, t)|2, β(t) =∑∞
j=−∞ |a2(j, t)|2 and γ(t) =
∑∞
j=−∞ a1(j, t)a
∗
2(j, t).
The Schmidt norm[37] is defined as
||ψ||z,k =
( k∑
i=−1
(λi)
z
)1/z
. (8)
Setting z = 1, and for the system considered, k =
min(dP , dC) = 2. The Schmidt norm for a maximally
entangled state is
√
2, since λi = 1/
√
k = 1/
√
2. Schmidt
norm is calculated analytically using the relation between
Schmidt coefficients and eigenvalues of the reduced den-
sity matrix, see[24]. The reduced density matrix is given
as
ρC = Trp(ρ) =
I
2
+ ~n · ~σ. (9)
The trace in Eq. (9)is taken over position degrees of free-
dom. I is the identity matrix, ~σ is the Pauli vector and
~n =
(
Re(Σja1(j, t)a
∗
2(j, t)), (Im(Σja1(j, t)a
∗
2(j, t)),
1
2
Σj |a1(j, t)|2 − |a2(j, t)|2
) (10)
The eigenvalues of reduced density matrix(ρC) is then
given by
E± =
1
2
±
√
1
4
− α(t)(1− α(t)) + |γ(t)|2 = 1
2
± |n|.
(11)
From the identity E± = λ2±, one can rewrite the Schmidt
norm as
S = ||ψ||1,2 =
√
E− +
√
E+. (12)
C. Parrondo sequences
Parrondo’s paradox states that one can strategize to
turn two unfavorable strategies into a favorable one by
combining them in the right way. We can categorize Par-
rondo sequences in DTQW’s into three categories: (1)
Deterministic sequences- the coin used at each step is
completely specified before starting the sequence of coins.
(2) Random sequences- the coin to be used at each time
step is decided randomly. Adaptive sequences- the coin
to be used at each time step is decided based on some
criterion as the walk proceeds. Our motivation is to gen-
erate highly hybrid entangled states by using determinis-
tic Parrondo sequences. We are interested in both small
number of time steps as well as in the asymptotic setting
of a large number of time steps.
III. RESULTS
We restrict ourselves to a set of coin operators, Eq. 3:
the Hadamard coin H = C(α = −pi/2, β = pi/4, γ =
−pi/2, η = pi), the Fourier coin F = C(α = 0, β =
pi/4, γ = pi/2, η = 0), the Miracle coin M = C(α =
pi/2, β = pi/4, γ = 0, η = 0), the flip or Grover coin
X = C(α ∈ [0, pi/2], β = pi/2, γ = −pi/2, η = pi), which
have the explicit forms
H =
1√
2
(
1 1
1 −1
)
, F =
1√
2
(
1 i
i 1
)
,
M =
1√
2
(
i 1
−1 −i
)
, X =
(
0 1
1 0
)
.
(13)
With these coins, we performed several numerical exper-
iments by forming various deterministic sequences like
ABAB..., BAABAA..., AABAAB..., etc. The primary
idea was of finding sequences involving two coins that
can perform better than sequences formed using only ei-
ther of the coins (AAA... and BBB..). Based on the ex-
periments, we narrowed down to a few better performing
sequences.
A. Parrondo Sequence-AABAAB...
The first set of sequences we discuss are of the type
AABAAB.... We first focus on the cases where A is
always the flip coin X and B can be Hadamard coin
H or Fourier coin F or Miracle coin M . Fig. 1(a)
shows the plot of Schmidt norm S as a function of num-
ber of time steps t after evolution with the sequences
XXH...,HHH... and XXX.... for t = 200 time steps.
Each point is an average over 100 random initial states,
randomised in both θ and φ. The data points are fit-
ted using logarithmic fit and extrapolated to 400 time
steps. The existence of Parrondo strategies is evident
from Figure 1 for both small number of time steps and in
the asymptotic setting. Sequences XXF... and XXM...
produced results identical to XXH... This fact is ver-
ified from the equivalence of the analytical expressions
of Schmidt norm in terms of the initial state parameters
φ and θ for all XXH...,XXF... and XXM... For the
first six steps, the expression for Schmidt norm is given
as follows
After 1 step −→ 1√
2
(
√
1− cos(θ) +
√
1 + cos(θ)),
After 2 steps −→ 1√
2
(
√
1− cos(θ) +
√
1 + cos(θ)),
After 3 steps −→
√
2,
After 4 steps −→1
2
(√
2 + sin(θ) +
√
2− sin(θ)
)
,
After 5 steps −→
√
2,
After 6 steps −→ 1
2
√
2
(
√
4 + sin(θ) +
√
4− sin(θ)).
(14)
4(a) XXH... (b) HHX...
(c) MMH... (d) MMF...
FIG. 1. (a) Schmidt norm S after evolution with the deterministic Parrondo sequence XXH.... The plots for XXF... and
XXM... were found to produce similar results. Schmidt norm S after evolution with the deterministic Parrondo sequence of
the type AAB....(b) HHX.. for 200 time steps. (c) MMH... for 140 time steps. (d) MMF... for 140 time steps. Each point is
an average over 100 random initial states, randomised in both θ and φ.
The analytical expressions reveal that at each step, the
value of entanglement S is independent of the phase
φ. Due to this property, we refer to the sequences
XXH...,XXF... and XXM... as phase independent en-
tanglers. It is seen from the above expressions that the
phase independent entanglers generate maximally entan-
gled states for t = 3 and t = 5 step DTQW’s for all
initial states. Now, we propose some more Parrondo
sequences that belong to AABAAB.. type. Fig. 1(b-
d) show the plots of Schmidt norm S as a function of
number of time steps t after evolution with sequences
HHX... for 200 time steps, MMH... for 140 time steps
and MMF.... for 140 time steps. Due to high computa-
tional cost, the steps were reduced in some of the exper-
iments. Each point is an average over 100 random initial
states, randomised in both θ and φ. The data points are
fitted using logarithmic fit and extrapolated to 400 time
steps. In all the cases, a good enhancement in entan-
glement is seen. It has to be noted that the results of
Parrondo sequences FFX...,HHM..., FFM... are sim-
ilar to HHX...,MMH...,MMF... respectively when a
large number of random initial states are considered and
averaged. This again can be attributed to the fact that
F and M act as phase shifted H. Also, it is to be noted
that the above sequences are not phase independent en-
tanglers.
Figure 2(a) shows the Schmidt norm as a function of
the initial state parameters θ and φ for the phase in-
dependent entanglers, again verifying the independence
of phase φ in the value of entanglement S. In order to
gain further insight, the plots of Schmidt norm as func-
tion of the initial state parameters θ and φ for sequences
HHH..., FFF... and MMM... are shown in Fig. 2(b-d).
A simple comparison between the Schmidt norm plots
for HHH..., FFF... and MMM... tells us that the se-
quences FFF... and MMM... generate values of S that
are shifted by a phase of −pi/2 and +pi/2 respectively
with respect to the value of S generated by HHH... This
fact can be further verified by comparing the analytical
expressions of S as a function of θ and φ for the sequences
HHH..., FFF... and MMM... For example, consider the
analytical expressions of S in the form
√
E− +
√
E+ for
5(a) XXH... (b) HHH...
(c) FFF... (d) MMM...
FIG. 2. (a) Contour plot of Schmidt norm as a function of the initial state parameters φ and θ for XXH... for a 50 time step
DTQW. The contour plots for XXF... and XXM... were found to be identical to that of XXH.... Contour plots of Schmidt
norm as a function of the initial state parameters φ and θ for (b) HHH... (c) FFF... and (d) MMM... for 50 time steps.
a single step DTQW evolved using H, or F or M ,
H −→ 1√
2
(
√
1 + sin(θ) cos(φ) +
√
1− sin(θ) cos(φ))
F −→ 1√
2
(
√
1 + sin(θ) sin(φ) +
√
1− sin(θ) sin(φ))
M −→ 1√
2
(
√
1− sin(θ) sin(φ) +
√
1 + sin(θ) sin(φ))
(15)
Substituting the identities cos(φ− pi/2) = sin(φ) and
cos(φ+ pi/2) = − sin(φ) in the analytical expression of
S for H verifies this assertion. The same fact can be ver-
ified for any time step t. Hence, the similarity in results
between XXH...,XXF... and XXM... can be attributed
to the fact that the fourier coin F and the miracle coin M
act like phase shifted Hadamard coin H when considered
in terms of entanglement generation.
B. Parrondo sequence- ABBABB...
Fig. 3 shows the plots of Schmidt norm S as a func-
tion of number of time steps t after evolution with the
sequence XHH... Here again, a good enhancement in en-
tanglement for XHH.. is seen in comparison to HHH..
and XXX... Here too, a similarity between the results
of XHH... and XFF... was found. However, the results
of XMM aren’t as good as XHH and XFF . The exact
6FIG. 3. Schmidt norm S after evolution with the determin-
istic Parrondo sequence XHH.... for 140 time steps. Each
point is an average over 100 random initial states, randomised
in both θ and φ. The sequence XFF... was found to produce
similar results.
reason requires further study.
C. Parrondo sequence- ABAB...
Fig. 4 shows the plots of Schmidt norm S as a
function of the number of time steps t after evolu-
tion with sequences XHXH...,HXHX.... Sequences
XHXH...,XFXF... and XMXM... generate simi-
lar results while sequences HXHX..., FXFX... and
MXMX... generate similar results. As in the previous
sections, this can be reasoned as a manifestation of the
relation between H,F and M .
IV. DISCUSSION AND CONCLUSION
Finally, we compare the various Parrondo sequences
suggested above in Figure 5. It has already been seen
that when each point is averaged for a large number
of states, the plots for some of the cases within a spe-
cific sequence produce similar results. Sequences with
similar results have been grouped together in figure 5.
Fig. 5 (a) suggests that, for any small time step we could
find coin sequences that yield high average values of en-
tanglement over a large number of initial states, which
is particularly useful in cases where the initial state is
not fully known, very noisy, or simply whenever it is re-
quired to generate highly entangled states independent
of the initial state [31]. In Fig. 5(b), we compare the
results in the asymptotic setting. Using data points of
140 time steps for each sequence, the logarithmic fit was
extrapolated to 400 time steps. MMF... and FFM...
seem to produce the best results when large number of
steps are considered, S/
√
2 = 0.9962 at the 400th time
step. The exact asymptotic value for each sequences re-
quires further experimentation. The central goal in this
work was to show that deterministic Parrondo strategies
can generate highly entangled states when implemented
on DTQW’s. Using Schmidt norm as the measure of
entanglement, we showed that several deterministic se-
quences formed using two coin operators were better en-
tanglers than single coined-sequences made of either one
of the two coins. We also showed that the Parrondo se-
quences XXH...,XXF... and XXM..., generate entan-
glement that is independent of the phase of the initial
state used. Furthermore, we showed XXF...,XXH...
and XXM..., generate maximally entangled states for
3 and 5 step quantum walks for all initial states. A
comparison between various Parrondo sequences showed
that when each point is averaged for a large number of
states, the plots of some of the sequences within a type
of strategy (like AABAAB..., ABAB...) produce similar
results. The similarities in results were understood to
be associated with the fact that the Fourier coin F and
the miracle coin M act like phase shifted Hadamard coin
H when considered in terms of entanglement generation.
The comparison also suggested that, for any number of
time steps t, one could find coin sequences that yield high
average values of entanglement for a large number of ini-
tial states. This is advantageous in cases where the initial
state is not fully known, very noisy, or simply whenever
it is required to generate highly entangled states inde-
pendent of the initial state[31]. It was also seen that the
strategies displayed Parrondo’s paradox even when large
number of steps are considered. Finally, we compare our
results with the previous works [24, 29–31]. Fig. 6 shows
a comparison plot between Parrondo strategies and op-
timal entanglers [31]. Schmidt norm S was plotted for
3, 5, 7, 15 step DTQW’s. Each data point was obtained
after averaging over 1000 random initial states, ran-
domised in both θ and φ. The plot shows that Parrondo
strategies XXH...,XXF... and XXM... produce higher
values of entanglement (S) than Optimal entanglers for
3, 5, 15 step quantum walks. XHH produces higher val-
ues of entanglement for steps 5 and 7 in comparison to
optimal entanglers. Also, XXH..,XXF..,XXM... give
maximally entangled states (S/
√
2 = 1) regardless of the
initial state used for 3 and 5 step quantum walks. This
is valuable for an experimental setting where the num-
ber of possible steps should be as minimum as possible.
This serves as an example for cases where we should find
coin sequences that yield high average values of entan-
glement over a large number of initial states for a given
t− time step quantum walk. This is important in an
experimental setting where the initial state/states is not
fully known [31]. As a conclusion, we compare our best
results with all the other works [24, 29–31] discussed fo-
cusing on the similarities and differences among them in
Table I. As a conclusion, we compare our best results
with some other works [24, 29–31] discussed focusing on
the similarities and differences among them in Table I.
The first comparison we make is of the type of sequences
used. We used deterministic sequences as opposed to
Vieira, et. al. [29, 30], where disordered sequences are
7(a) XHXH... (b) HXHX...
FIG. 4. Schmidt norm S after evolution with Parrondo sequence of type ABAB.... for 140 time steps. Each point is an average
over 100 random initial states, randomised in both θ and φ. The data points are fitted using logarithmic fit and extrapolated
to 400 time steps.
(a) (b)
FIG. 5. Comparison between various Parrondo sequences. PS1 = AABAAB..., PS2 = ABBABB.., PS3 = ABAB... a) For
small number of steps. Each point is an average of 1000 random initial states, randomised in both θ and φ. The data points
of 140 step DTQW (each point is an average over 100 random initial states, randomised in both θ and φ.) are fitted using
logarithmic fit and extrapolated to 400 time steps.
TABLE I. Comparison between various approaches
Properties↓/Model→ DTQW with Parrondo sequences
(This paper)
DTQW with disorder
Refs. [29, 30]
DTQW with Optimization
(basin hopping algorithm)
Ref. [24]
DTQW with Optimization
(Reinforcement Learning technique)
Ref. [31]
Dependence
of Entanglement
on initial state
parameters
Independent of phase φ
for XXH..., XXM... and XXF...
Asymptotic limit
was shown to be
independent of
initial parameters
θ and φ
dependent
Universal Entangler:
θ independent for φ = 0 states
Optimal Entangler:
θ and φ dependent
No of
coins used
2 coins per sequence
2 coins in RQRW2,
full set of possible coins
in RQRW∞
Full set of
possible coins
2 coins
5 steps Maximal Entanglement. Not discussed. Around 98% entanglement. Optimal entangler range: 0.968− 0.999
20 steps
Maximum average value
for MMH.., HHM...: S/
√
2 = 0.997
See Fig. 1(c)
Not discussed Not discussed Not discussed
Asymptotic limit
Based on logarithmic fit,
all Parrondo sequences give
entanglement S/
√
(2) = 0.985 and above
in the asymptotic limit.
Sequences MMF...and FFM...produced
the best result, S/
√
(2) = 0.9962
at the 400th time step. See Fig. 1(d)
Achieves Maximal
entanglement at large
number of steps.
Not calculated Not calculated
8FIG. 6. Parrondo sequences v Optimal entanglers (see Grat-
sea, et. al.,[31]). Schmidt norm S plotted for 3, 5, 7, 15 step
quantum walks. Each point is an average over 1000 random
initial states(randomised in both θ and φ)
used. Gratsea et al., mainly focus on optimisation to
find sequences, but also propose one deterministic se-
quence - Universal entangler. The independence of en-
tanglement value from initial state parameter φ for all
states and for any time step is a unique feature seen only
in XXH..,XXF..,XXM... Parrondo sequences. For ini-
tial states with φ = 0, θ independence is observed for
Universal entanglers for any time step. In the asymp-
totic limit, disordered sequences discussed by Vieira, et.
al., produced maximal entanglement irrespective of the
initial state parameters. Another important property
to be considered is the number of coin operators used,
as lesser the coins the easier is the experimental real-
ization. In terms of this property, Parrondo sequences
are as good as the universal and optimal entanglers[31],
and RQRW2[29, 30]. Gratsea, et. al.[31], focus only
on small number of time steps. In their first paper, it
was shown that maximal entanglement is achieved in just
10 steps. Optimal entangler generates entanglement in
the range of 0.968 − 0.999 for 5−time steps, but Par-
rondo sequences XXH..,XXF..,XXM... gives maximal
entanglement. The case of small number of time steps is
not discussed in Refs. [29, 30]. In the asymptotic limit,
Vieira, et. al.[29, 30], showed that disordered sequences
achieve maximal entanglement. On using logarithmic fit,
Parrondo sequences MMF...and FFM...produced the best
result, S/
√
(2) = 0.9962 at the 400th time step.
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V. APPENDIX
The following python code is written based on[38] and gives the data points for the sequence XXH.. in figure 1(a).
The data points were later fitted using logarithmic fit.
from numpy import *
from matplotlib.pyplot import *
N =400# number of random steps
S400 = empty(N+1)
for m in range(1, N + 1):
P = 2*m+1 # number of positions
coin0 = array([1, 0]) # |0>
coin1 = array([0, 1]) # |1>
C00 = outer(coin0, coin0) # |0><0|
C01 = outer(coin0, coin1) # |0><1|
C10 = outer(coin1, coin0) # |1><0|
C11 = outer(coin1, coin1) # |1><1|
S = 0
for g in range(0, 100): #100 random initial states
C_hat = (cos(radians(45))*C00 + sin(radians(45))*C01 + sin(radians(45))*C10 - cos(radians(45))*C11) #Hadamard coin
K_hat = (0*C00 + 1*C01 + 1*C10 + 0*C11) #Grover coin
F_hat = (C00 + 1j*C01 + 1j*C10 + C11)/sqrt(2.) #Fourier coin
M_hat = (1j*C00 + C01 - C10 - 1j*C11)/sqrt(2.) #Miracle coin
ShiftPlus = roll(eye(P), 1, axis=0)
ShiftMinus = roll(eye(P), -1, axis=0)
S_hat = kron(ShiftPlus, C01) + kron(ShiftMinus, C10)
H = S_hat.dot(kron(eye(P), C_hat)) #Hadamard coin plus shift
X = S_hat.dot(kron(eye(P), K_hat)) #Grover coin plus shift
F = S_hat.dot(kron(eye(P), F_hat)) #Fourier coin plus shift
M = S_hat.dot(kron(eye(P), M_hat)) #Miracle coin plus shift
posn0 = zeros(P)
posn0[m] = 1
l = random.randint(0, 180)
phi = random.randint(0, 360)
psi0 = kron(posn0,(cos(radians(l/2))*coin0 + exp(1j*radians(phi))*sin(radians(l/2))*coin1))
psiN = psi0 # Initialisation
9for i in range(1, m + 1):
if (i)%3==0:
psiN = linalg.matrix_power(X, 1).dot(psiN) #B
else:
psiN = linalg.matrix_power(H, 1).dot(psiN) #AA
prob1 = empty(P)
prob2 = empty(P)
prob3 = empty(P)
prob = empty(P)
for k in range(P):
posn = zeros(P)
posn[k] = 1
M_hat_k = kron( outer(posn,posn), eye(2))
X_hat_k = kron( outer(posn,posn), C00)
W_hat_k = kron( outer(posn,posn), C11)
proj = M_hat_k.dot(psiN)
proj1 = X_hat_k.dot(psiN)
proj01 = X_hat_k.dot(kron(posn,(coin0)))
proj2 = W_hat_k.dot(psiN)
proj02 = W_hat_k.dot(kron(posn,(coin1)))
prob1[k] = (proj02.dot(proj2.conjugate())*proj01.dot(proj1.conjugate()).conjugate()).real
prob2[k] = (proj02.dot(proj2.conjugate())*proj01.dot(proj1.conjugate()).conjugate()).imag
prob3[k] = ((proj1.dot(proj1.conjugate())).real - (proj2.dot(proj2.conjugate())).real)/2
n1 = n2 = n3 = 0
for j in range(P):
n1 = prob1[j] + n1
n2 = prob2[j] + n2
n3 = prob3[j] + n3
n = sqrt(n1**2 + n2**2 + n3**2)
S = S + sqrt(0.5 - n) + sqrt(0.5 + n)
g = g + 1
S400[m]=S/(100*(sqrt(2)))
print(S400[m])
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